We calculate the Poincaré series of the elliptic Weyl group W (A (1,1) 2 ), which is the Weyl group of the elliptic root system of type A ) have been already given by K. Saito and the author.
Introduction
Elliptic Weyl groups are the Weyl groups associated to the elliptic root systems introduced by K. Saito [5, 6] , which are defined by a semi-positive definite inner product with 2-dimensional radical. The generators and their relations of elliptic Weyl groups were described from the viewpoint of a generalization of Coxeter groups by K. Saito and the author [7, 9] . The Poincaré series W (t) of a group W with respect to a generator system is defined by
where t is an indeterminate and l(w) is the length of a minimal expression of an element w in W in terms of the given generator system. If W is one of the finite or affine Weyl groups, it is known that
1 − t (W: finite),
where n is the rank and m 1 , . . . , m n are the exponents of W [1] [2] [3] [4] 8] . is given by Theorem 3.7. are given as follows [7, 9] The relation w 0 w * 0 w 1 w * 1 = 1 is rewritten as follows: 
Poincaré series of the Weyl groups of types
From this, we have W = {R m T n w 1 , R m T n , m, n ∈ Z}. The elements T and w 1 generate a subgroup isomorphic to the affine Weyl group of type A 1 , and all elements of that are classified to the following:
We multiply the elements R m (m ∈ Z) to the above elements from the left, and examine their minimal length in each case by using the following.
Lemma 2.2
Let w be a minimal expression by w 0 and w 1 . Then even if we attach * to any letters of w, the length of w does not decrease.
Proof: This is clear from the fact that a relation in w i holds if and only if the relation in w * i obtained by attaching * also holds.
From the expression Rw 1 w 0 = w * 1 w 0 and (2.1.1), we see that R k T n = R k (w 1 w 0 ) n = (w 11 w 10 )(w 21 w 20 ) · · · (w n1 w n0 ), for 0 ≤ k ≤ 2n, where w i1 (resp. w i0 ) is either w 1 or w * 1 (resp. w 0 or w * 0 ) for all i, in such a way that * is attached until the k-th letter. Further for
n , and each length is 2n + 2m, so we get
The case of (II) is similar to (I). 
The case of (II) is similar to (I).
From the above argument, we obtain the following.
Further from this, we obtain the following. ) of length n is given by;
(ii) The Poincaré series of W (A ) are given by;
Proof: (i) For an integer k ≥ 2, the number of pairs (m, n) satisfying k = m + n(m ≥ 1, n ≥ 1) is equal to k − 1, so in the case of type A is presented as follows [7, 9] .
Relations:
We set T 1 := w 0 w 2 w 0 w 1 , T 2 := w 0 w 1 w 0 w 2 , R 1 := w 1 w * 1 , and R 2 := w 2 w * 2 , then we have the following. Lemma 3.1 (i) W is generated by w 1 , w 2 , T 1 , T 2 , R 1 , R 2 , and they satisfy the following fundamental relations:
Proof: Let be the elliptic root system of type A 
with an inner product , , which is a symmetric bilinear form given by . We see that all reflections act on Rb ⊕ Ra as identity, and
From these, we have the following:
From these actions, we have
and from this, (i) is easily checked.
(ii) follows from (i).
We first consider minimal expressions of the elements T n 1 T m 2 generated by T 1 = w 0 w 2 w 0 w 1 , and T 2 = w 0 w 1 w 0 w 2 , then by noting the following minimal expressions;
, and from this we obtain
where for brevity, we use 0, In each case we multiply R 
we consider how many R 1 , R 2 and R 1 R 2 can be contained in (012) 2i (0121) n−i by attaching * to arbitrary letters. From the above, (012) 2 can contain 3 × R 1 R 2 and 3 × R 2 , and 0121 (0121) n−i = (w 10 w 11 w 12 ) · · · (w 2i,0 w 2i,1 w 2i,2 )(w 10 w 11 w 12 w 11 )
where w i j , and
We count the number
For the purpose we use the following figure:
then the number is equal to the number of the vertices of the lattices, where n − i + 1, n + 2i + 1, and 2n + i + 1 are the number of vertices on each edge.
Then we use the following. (For example, the case of a = 1, b = 2, c = 3)
, we obtain the elements whose length are 4n + 2i + 2, and actually we have only to multiply to the boundary in the figure, and iterating this procedure we get the following.
Proof:
The number of the vertices of the boundary of the outside is 2(a + 1 + b + 1 + c + 1) = 2(a + b + c) + 6 = {the boundary of the figure of the previous element} + 6.
Next we consider the elements T n 1 T n+i 2 w, for w = w 1 , w 2 , w 1 w 2 , w 2 w 1 , and w 1 w 2 w 1 , then we have the following: ±1 , we count the number of a minimal expression of the elements of the Weyl group and that of increasing length by 2, which is equal to (the boundary of the figure of the previous element) + 6. In the sequal, we examine the number of the vertices on each edge of the figure in a minimal expression, first we have From these and (3.1.1), we obtain the following eight tables. (1 − t) 4 (1 + t) 2 . By using Mathematica, we obtain the desired result.
Proof

